l Introduction* H. Tamano [10] and R. Telgarsky [11] raised independently the question of whether or not a space which has a closure-preserving cover by compact sets must be paracompact. H. B. Potoczny [7] showed that even if a space has a closurepreserving cover by finite sets, it is not necessarily paracompact. Thus, the study of spaces which have a closure-preserving cover by finite sets has been taken up by several authors in [9] , [11] , [12] , [13] and [14] . In particular, R. Telgarsky [12] gave a necessary condition and a sufficient condition for a given space to have such a cover. But each of these conditions is not necessary and sufficient as we shall show by examples below. In the present paper, we shall first find a necessary and sufficient condition for a topological 2\-space to have a closure-preserving cover by finite sets. It will be shown that the necessary condition and the sufficient condition of R. Telgarsky can be deduced easily from our necessary and sufficient condition. Secondly, we shall prove that it is undecidable under set theoretic assumptions whether or not a first countable normal space with a closure-preserving cover by finite sets is metrizable.
2* Preliminaries and main theorem* Throughout this paper, N denotes the set of all natural numbers and all spaces are assumed to be ϊ\-spaces.
A space X is said to be weakly σ-discrete, if X is the countable union of discrete subsets {X n : neN} such that \Jf =1 X t is closed in X for each neN.
A space X is said to be σ-discrete ([12] REMARK. It is easy to see from Theorem 1 that the spaces which are given by examples in [6] , [7] and [14] (z[J yeγ Fy. This proves that the cover g is closure-preserving.
Let us consider the following two conditions (*), (**). Condition (*): X has an open cover U = {U(x): xeX} such that (i) x6 U{x) for each xeX, (ii) U(x)c U(y) whenever xe U{y), and (iii) U is point-finite in X. and Condition (**): X has an open cover S3 = {V(x): xeX} such that (i) x6 V(x) for each xeX, and (ii) 93 is point-finite in X, and has a countable pair wise disjoint cover {X n : neN} such that (iii) each X n is a discrete subset and (iv) U?=i^ is closed in X for each neN.
We shall prove the three lemmas below It is obvious that 11 satisfies (i) and (ii) of (*). Assume now that there is a point xeX such that ord (x, U) ^ fc^. We can choose an infinite number of points x 19 x 2 , • 6X such that xe U(x n ) for each neN. Choose F a 6g such that x e F a . Then we have x n e F a for each neN. Since F a is finite, this is a contradiction. Hence tt is point-finite in X. Proof. (*) -> (**): Put X n = {x e X: ord (x, U) = n] for each w e N. It is obvious that {X n :neN} is a countable pairwise disjoint cover of X. Since U?=i -Xt = {# e X: ord (a?, tt) ^ n}, U?=i -X* is closed in X for each neN.
Fix w 6 iV and x e X % . We can choose distinct n points x 19 , x n eX such that {x' eX:xe U{x') ell} = {a?!, , x n }. Let 1/ 6 U(x) Π -X». By (i) and (ii) of (*), y e U{y) c I7(aθ c ΠU ϋfo). Since ord (», tt) = n, ye{x ί9 •••, x n }. Thus JE» is a discrete subset of X for each neN.
(**)--•(*): We use the induction with respect to n. Let P(n) be the proposition: There are point-finite (in X) collections U^ = {U(x): x e XJ of open sets for i -1, , n such that (a) U(x) Π X t = {a?} for each α? e X ί? (b) if j < i, xe X i9 y e X d and α; e Z7(^/) e VL jf then J7(a?) c U(y) and (c) C7(α;) c V(x) and ί/(a?) n Ui=ί X* = 0 for each It is obvious that P(l) is true. Assume now that P(n) is true. By (iii) and (iv) of (**), we can choose an open neighborhood U(x) of x for each x e X n+ί such that U(x) c F(α?), U{x) Π -Z" w+1 = {α;} and U(x) n US=i -Zi = 0. Moreover, if a? 6 U?-i {UiUeUJn X n+1 , then we choose U(x) such that U(x) czf\{U:xeUe U?=i ^}. It is possible since {U: x e Ue U?=i^J ίs a finite collection. Put U Λ+1 = {U(x): xeX n+1 ).
By our construction and P{n) 9 it is easy to see that &i > # »tt Λ +i satisfy the conditions (a), (b) and (c) of P(n + 1) and U w+1 is point-finite in X. So, X has an open cover JJSU H Λ such that Hi, , Un satisfy the conditions of P(n) for each neN. Put U = UΓ=i U^ By the pairwise disjointness of {X n : n e N} 9 U = {U(x): x e X}. The open cover U satisfies (i), (ii) and (iii) of (*). Proof. (a)-+(b): It follows from (i) and (ii) of (**) that X is hereditarily metacompact. X is obviously weakly (/-discrete.
(b) -> (a): Let X = U£=i -Σ» such that X n is a discrete subset, Uf=iXi is closed in X and (J?^ X* is metacompact for each neN. We may assume, without loss of generality, X m Γ) X n = 0 for mΦ n. Since each X w is a discrete closed subset in UΓ^ -Xt, there is a pointfinite collection SS % = {7(a;):a;6lJ of open sets for each neN such that V(x) f)X n = {x} and V(x) c UΓ=. -Z, for each x e X n . Put 93 = Un=i*» Then 3S = {V(x): x e X}. It is easy to prove that 33 is point-finite in X. Hence X satisfies the condition (**).
By Lemmas 3, 4 and 5, the proof of Theorem 1 is complete.
4* Applications* LEMMA 6. Each metacompact σ-discrete space is hereditarily metacompact.
Proof. Let X be a metacompact σ-discrete space. We may assume, without loss of generality, that X = UΞU %* such that each X n is a discrete closed subset of X and X m Π X n = 0 for m Φ n. It is easy to show that the countable union of weakly d-discrete closed subsets is weakly σ-discrete. Hence X is hereditarily metacompact and weakly σ-discrete.
REMARK. Our Corollary 9 has been proved earlier, in [13] (Theorem 12.1), by R. Telgarsky for the case of X being a metrizable space. THEOREM 
The following are equivalent for a space X. (a) X has a closure-preserving closed cover by compact sets. (b) X has an open cover U = {U(x): xeX} such that (i) x e U(x) for each xe X, (ii) U(x) c U(y) whenever x e U(y) and (iii) C(x) = {y e X: x e U(y)} is a compact closed set for each xe X. Proof, (a)->(b): Let & = {C a \aeA} be a closure-preserving closed cover by compact sets. Put U(x) = X -U {C a : x g C a } for each α eXand IX = {U(x): xe X). It is obvious that ΐt satisfies (i) and (ii) of (b). Let yίC{x) and z e U(y). Since αg £%) and U{z)a U(y), x£ U(z). Thus, we have zίC(x).
Therefore U(y) Π C(x) = 0. This proves that each C(x) is closed in X. Let yeC(x). Since #e t%), ^eC α whenever xeC a . Thus, C(x) is contained in Π {C a : xeC α } which is compact and closed. Hence C(x) is a compact closed set for each xeX.
(b) -* (a): It is obvious from Lemma 2 and (iii) of (b) in this theorem.
REMARK. For a space to have a closure-preserving closed cover by compact sets, R. Telgarsky gave, in [12] , a sufficient condition which is not necessary. LEMMA 
If a first countable space X has a closure-preserving cover by finite sets, then X is developable.
Proof. By Lemma 3, X has an open cover U = {U(x): x e X) satisfying (i), (ii) and (iii) of (*). So, X has a countable number of open covers %$ n = {V n (x): x e X} of X such that {V n (x):neN} is a local base at x and V n+1 (x) c V n (x) c U(x) for each x e X and neN. We shall show that {SS % : neN} is a development of X. (b): It is well-known that there is a subset A of the real-line such that every subset of A is a relative G δ -set, assuming Martin's Axiom plus 2*° > fc$ 1# S. A. Peregudov showed in [6] that Heath's space in [4] (Theorem 3) has the desired property. Here it is to be noted the existence of Heath's space is guaranteed under such an assumption. THEOREM 
If a first countable normal space X has a closurepreserving cover by compact sets, then (a) X is paracompact under V -L, and (b) X is not necessarily paracompact under Martin's Axiom and 2 K° > fcίi
The proof of (a) of Theorem 14 is similar to that of H. B. Potoczny [8] by using the techniques of W. Fleissner [3] . The detail of the proof is left to the reader. When we consider above Heath's space, (b) is obvious by Lemma 11. 5* Examples* EXAMPLE 1. There is a compact T 2 -space which has a closurepreserving cover by finite sets and is not σ-discrete.
Let X be the one-point-compactification of an uncountable dis-ON SPACES WHICH HAVE A CLOSURE-PRESERVING COVER 577 crete space. The space X has only one accumulation point x Q . If F is a closed subset of X such that x Q $ F, then F is a finite set. If D is a discrete subset of X such that x Q eD, then D is also a finite set. Since X is uncountable, the countable union of discrete closed sets is not X. Hence X is not ^-discrete. It is easily verified that X has a closure-preserving cover consisting of two-point sets.
REMARK. By our Example 1, for a space which has a closurepreserving cover by finite sets, cr-discreteness is not a necessary condition. Hence the sufficient condition given in our Corollary 7 and R. Telgarsky's Theorem 5 in ] 12] for such a space is not neccessary. EXAMPLE 2. There is a paracompact weakly σ-discrete T 2 -space which is not hereditarily metacompact and not α-discrete. It is obvious that X is a weakly σ-discretέ Tychonoff space. Since every open cover of X has a pairwise disjoint open refinement, X is paracompact with dim X -0. It follows from Baire's category theorem that X L U X 2 is not metacompact, which is a well-known fact. By Theorem 1 and Corollary 7, X is not σ-discrete.
REMARK. Our Example 2 shows that we can not replace hereditary metacompactness in Theorem 1 by metacompactness and that the necessary condition in Corollary 8 proved by R. Telgarsky is not sufficient. EXAMPLE 3. There is a metacompact σ-discrete normal space which is not paracompact.
Let G be Bing's space modified by E. Michael in [5] (Example 2). We define F p as in [1] (Example H). Then the space G is perfectly normal, metacompact, and non-paracompact ( [5] ). Since every point of G -F p is an isolated point of G and the discrete closed subset F p is a £r β -set, G is σ-discrete. The Supporting Institutions listed above contribute to the cost of publication of this Journal, but they are not owners or publishers and have no responsibility for its content or policies.
SUPPORTING INSTITUTIONS
Mathematical papers intended for publication in the Pacific Jaurnal of Mathematics should be in typed form or offset-reproduced, (not dittoed), double spaced with large margins. Please do not use built up fractions in the text of your manuscript. You may however, use them in the displayed equations. Underline Greek letters in red, German in green, and script in blue. The first paragraph or two must be capable of being used separately as a synopsis of the entire paper. Items of the bibliography should not be cited there unless absolutely necessary, in which case they must be identified by author and Journal, rather than by item number. Manuscripts, in triplicate, may be sent to any one of the editors. Please classify according to the scheme of Math. Reviews, Index to Vol. 39. All other communications should be addressed to the managing editor, or Elaine Barth, University of California, Los Angeles, California, 90024.
The Pacific Journal of Mathematics expects the author's institution to pay page charges, and reserves the right to delay publication for nonpayment of charges in case of financial emergency 100 reprints are provided free for each article, only if page charges have been substantially paid. Additional copies may be obtained at cost in multiples of 50.
The Pacific Journal of Mathematics is issued monthly as of January 1966. Regular subscription rate: $72 00 a year (6 Vols., 12 issues). Special rate: $36.00 a year to individual members of supporting institutions.
Subscriptions, orders for back numbers, and changes of address should be sent to Pacific
